Introduction
In this paper, the graphs we consider are finite, undirected and have no parallel edges, but they may have loops. A graph parameter is a real valued function defined on graphs, invariant under isomorphisms.
For two graphs F and G, let hom(F , G) denote the number of homomorphisms F → G, that is, adjacency preserving maps V (F ) → V (G).
The definition can be extended to weighted graphs (when the nodes and edges of G have real weights). In [1] multigraph parameters of the form hom(·, G) were characterized, where G is a weighted graph. Several variants of this result have been obtained, characterizing graph parameters hom(·, G) where all nodeweights of G are 1 [6] , such graph parameters defined on simple graphs where G is weighted [5] , and also when G is an infinite object called a "graphon" [4] , and graph parameters defined in a dual setting where the roles of nodes and edges are interchanged [7] . These characterizations involve certain infinite matrices, called connection matrices, which are required to be positive semidefinite. Often they also have to satisfy a condition on their rank.
The goal of this paper is to study the dual question, and characterize graph parameters of the form (G, ψ) ) denote the number of color-preserving homomorphisms F → G.
It is easy to see that for any three colored graphs F , G and H , 
Eq. (2) implies that for any graph F and any k 1, the matrix The proof will require a development of an algebraic machinery, similar to the one used in [1] (but the details are different).
The algebras A and A S
The colored graphs form a semigroup under multiplication ×. Let G denote its semigroup algebra (the elements of G are formal linear combinations of colored graphs with real coefficients, also called quantum colored graphs). Let G S denote the semigroup algebra of the semigroup of S-colored graphs. For each S, the graph K S is the unit element of G S , where K S is the S-colored graph whose underlying graph is the complete graph on S, with a loop at each vertex, and where vertex s ∈ S has color s. The function f can be extended linearly to G and G S .
By the positive semidefiniteness of N( f , k), the function
defines a semidefinite (but not necessarily definite) inner product on G. The set
Hence the quotient A = G/I is a commutative algebra with (definite) inner product. We denote multiplication in A by concatenation. Since
It is easy to check that
is an ideal in G S , and hence the quotient
is also a commutative algebra with a (definite) inner product. This algebra can be identified with G S /I in a natural way. Note that 1 S := K S + I is the unit element of A S and that A S is an ideal in A. Moreover, A S ⊆ A T if S ⊆ T . In fact, the stronger relation A S ∩ A T = A S A T = A S∩T holds. To see this, we show that 
As the inner product ·,· satisfies xy, z = x, yz for all x, y, z ∈ A S , A S has a unique orthogonal basis M S consisting of idempotents, called the basic idempotents of A S . Every idempotent in A S is the sum of a subset of M S , and in particular
For every nonzero idempotent p we have
Maps between algebras with different color sets
Let S and T be finite subsets of Z, and let α : S → T . We define a linear functionα : It is easy to see that the mapα is an algebra homomorphism, while in general the mapα is not. On the other hand,α is an isomorphism of the underlying uncolored graphs, but in generalα is not.
For any T -colored graph G and any S-colored graph H , we havě
which implies that the underlying uncolored graphs ofα(G) × H and G ×α(H) are the same. Then g ∈ I impliesα(g) ∈ I for any g ∈ G S , since α(g),α(g) = g,αα(g) = 0. Henceα quotients to a linear function A S → A T . Similarly, g ∈ I impliesα(g) ∈ I for any g ∈ G T , henceα quotients to an algebra homomorphism A T → A S . We abuse notation and denote these induced maps also byα andα. Theň
and hence
for all x ∈ A T and y ∈ A S .
It is easy to see that if α : S → T is surjective, thenα : G S → G T is surjective and so is the map A S → A T it induces. On the other hand, if again α : S → T is surjective, thenα : G T → G S is injective, and so is the map A T → A S it induces.
Sinceα is an algebra homomorphism,α(p) is an idempotent in A S for any idempotent p ∈ A T , andα ( 
Define for any p ∈ M T and α : S → T :
This implies that if α is surjective, then M α,p = ∅.
Maximal basic idempotents
For each x ∈ A, let C (x) be the minimal set S of colors for which x ∈ A S . This is well defined because This proposition implies that we can choose a basic idempotent p with |C(p)| maximal, which we fix from now on. Define S := C (p). So for any x ∈ A T , with (4) and (7),
This implies thatτσ (p) = f (p)1 T . 2 Remark 7. While it follows from the theorem, it may be worthwhile to point out that the maximal basic idempotent p is unique up to renaming the colors, and all other basic idempotents arise from it by merging and renaming colors. Indeed, we know by Proposition 3 that every term in (6) is a positive multiple of a basic idempotent in A T , and so it follows that every basic idempotent in A T is a positive multiple ofα(p) for an appropriate map α. In particular, if p is another basic idempotent with |C(p )| = |C(p)|, then it follows that p =α(p) for some bijective map α : C (p) → C (p ). 
Möbius transforms

